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Inverse scattering method

® The inverse scattering method has a rich history. It started
with the works of Gelfand-Levitan and Marchenko in 1950s on
reconstruction of the potential of the Schrédinger equation
based on the scattering data

Andrei Prokhorov Department of Statistics, University of Chicago & Saint-Petersburg State University

4 / 44



0e00

Inverse scattering method

® The inverse scattering method has a rich history. It started
with the works of Gelfand-Levitan and Marchenko in 1950s on
reconstruction of the potential of the Schrédinger equation
based on the scattering data

® The major breakthrough was the work of Gardner, Greene,
Kruscal and Miura. They showed that the nonlinear
Korteweg—De Vries (KdV) dynamic for the potential of
Schrédinger equation transforms to linear dynamic for the
scattering data.
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Other integrable models

® In the later years many more models fitting to the inverse
scattering framework were discovered (see [FT07]):

Nonlinear Schrédinger equation

Sine-Gordon equation

Continuous Heisenberg magnet.

Landau-Lifshitz model.

Toda equation

Boussinesq equation

Kadomtsev-Petviashvili equation
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Riemann-Hilbert problems

® Besides the original Gelfand-Levitan-Marchenko equations for
relaization of the inverse scattering, there is a Riemann-Hilbert
approach.
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Riemann-Hilbert problems

® Besides the original Gelfand-Levitan-Marchenko equations for
relaization of the inverse scattering, there is a Riemann-Hilbert
approach.

¢ Following the breakthrough work [DZ93], the school of
asymptotic analysis of the Riemann-Hilbert problems was
developed.
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Riemann-Hilbert problems

® Besides the original Gelfand-Levitan-Marchenko equations for
relaization of the inverse scattering, there is a Riemann-Hilbert
approach.

¢ Following the breakthrough work [DZ93], the school of
asymptotic analysis of the Riemann-Hilbert problems was
developed.

® The focus of our work is to implement this analysis for the
case of Landau-Lifshitz equation.
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Riemann-Hilbert problems

® Besides the original Gelfand-Levitan-Marchenko equations for
relaization of the inverse scattering, there is a Riemann-Hilbert
approach.

¢ Following the breakthrough work [DZ93], the school of
asymptotic analysis of the Riemann-Hilbert problems was
developed.

® The focus of our work is to implement this analysis for the
case of Landau-Lifshitz equation.

e The difficulty here is the setup of the problem: usually
Riemann-Hilbert problems are concerned with analytic
functions on Riemann sphere as the starting point, but in our
case we have to start from the torus.
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Riemann-Hilbert problems

® Besides the original Gelfand-Levitan-Marchenko equations for
relaization of the inverse scattering, there is a Riemann-Hilbert
approach.

¢ Following the breakthrough work [DZ93], the school of
asymptotic analysis of the Riemann-Hilbert problems was
developed.

® The focus of our work is to implement this analysis for the
case of Landau-Lifshitz equation.

e The difficulty here is the setup of the problem: usually
Riemann-Hilbert problems are concerned with analytic
functions on Riemann sphere as the starting point, but in our
case we have to start from the torus.

® |n the next slides we will talk about the Heisenberg magnet
(HM) model which is a simplified version of Landau-Lifshitz
(LL) model.
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@ Heisenberg magnet model
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Classical Heisenberg magnetism model

® The classical model for magnetism was introduced by
Heisenberg. It is described by the following Hamiltonian

H=-Y s®.s0)

kn~j

where the classical spin vectors S(K) € S2 are located at some
lattice sites k and the sum }_, ; runs over nearest-neighbor
pairs in the lattice.
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Classical Heisenberg magnetism model

® The classical model for magnetism was introduced by
Heisenberg. It is described by the following Hamiltonian

H=-Y s®.s0)

kn~j

where the classical spin vectors S(K) € S2 are located at some
lattice sites k and the sum }_, ; runs over nearest-neighbor
pairs in the lattice.

® The interpretation of the Hamiltonian is the energy of the
system of classical spins. They tend to align with each other
to minimize the energy.
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Classical Heisenberg magnetic chain

e Consider special case of classical spins located on the integer
lattice Z.
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Classical Heisenberg magnetic chain

e Consider special case of classical spins located on the integer
lattice Z.

® |mpose the boundary condition
$(M 5 (0,0,1), n— +oo

where the convergence is sufficiently fast.
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Classical Heisenberg magnetic chain

e Consider special case of classical spins located on the integer
lattice Z.

® |mpose the boundary condition
$(M 5 (0,0,1), n— +oo

where the convergence is sufficiently fast.

® The Hamiltonian needs to be regularized and it takes form

(n) . g(n+1)
nezZ
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Magnetic waves

® |t is possible to consider the dynamics of classical spins after
introduction of convenient Poisson bracket

{S‘Sn)’ Sl(jm)} = _5abc6mn5£n)

where d,,,, is the Kronecker symbol and ¢, is the Levi-Cevita
symbol.
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Magnetic waves

® |t is possible to consider the dynamics of classical spins after
introduction of convenient Poisson bracket

{S‘Sn)’ Sl(jm)} = _5abc6mn5£n)

where d,,,, is the Kronecker symbol and ¢, is the Levi-Cevita
symbol.
® The evolution is then described by the equation

(n)
)
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Magnetic waves

® |t is possible to consider the dynamics of classical spins after
introduction of convenient Poisson bracket

{S‘Sn)’ Sl(jm)} = _5abc6mn5£n)

where d,,,, is the Kronecker symbol and ¢, is the Levi-Cevita

symbol.
® The evolution is then described by the equation

(n)
)

e More explicitly it takes form

(n) (n+1) (n-1)
05 :25<”>><< > - > )

ot 14 S . Slr+1) = 1 4 S(n) . S(n=1)

where x denotes the vector product.
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Continuous Heisenberg magnetic chain

® We would like to take continuum limit by choosing x = ne,
S(x) =15,
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Continuous Heisenberg magnetic chain

® We would like to take continuum limit by choosing x = ne,
S(x) =15,

® As the result we obtain the continuous spin chain. Its
evolution equation is given by

0S 0%S

EZSXQ, x € R.
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Continuous Heisenberg magnetic chain

® We would like to take continuum limit by choosing x = ne,
S(x) =15,
® As the result we obtain the continuous spin chain. Its

evolution equation is given by
oS 0?S
— =S5x— R.
ot~ N w2 X

® As it was mentioned earlier, this nonlinear system of PDEs is
amenable to the inverse scattering procedure, see [FT07].
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Continuous Heisenberg magnetic chain

® We would like to take continuum limit by choosing x = ne,
S(x) =15,

® As the result we obtain the continuous spin chain. Its
evolution equation is given by

0S 0%S

E:SXQ, x € R.

® As it was mentioned earlier, this nonlinear system of PDEs is
amenable to the inverse scattering procedure, see [FT07].

e The effective indicator of the possibility of an inverse
scattering transform for the nonlinear PDE is the presence of
Lax pair representation. It can be interpreted as a linearization
of the equation.
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Lax pair for the continuous Heisenberg magnet (HM)

® To describe the Lax pair we need to introduce

3
L= Z Sioj
j=1

where the Pauli matrices are given by

/(01 (0 —i (1 0
1=\ 1 0) 27\i o) 270 -1 )"
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Lax pair for the continuous Heisenberg magnet (HM)

® To describe the Lax pair we need to introduce

3
L= Z Sioj
j=1

where the Pauli matrices are given by

/(01 (0 —i (1 0
1=\ 1 0) 27\i o) 270 -1 )"

® The evolution in terms of matrix L is given by
oL_17, @t
ot 2i| ox2

L— o3, as x— *oo
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Lax pair for the continuous Heisenberg magnet (HM)

® The Lax pair for the HM model is given by linear systems of

ODEs
82 —i\®
gzlg oL ) (1)
9P _ [ 5:y2 oL
5 <21>\ L+ AL@X) )

where \ € C is a spectral parameter.
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Lax pair for the continuous Heisenberg magnet (HM)

® The Lax pair for the HM model is given by linear systems of

ODEs
oo
& = 1>\I_¢
90 (., oL )

where \ € C is a spectral parameter.

® The time evolution (1) of matrix L is the compatibility
condition (zero curvature) condition associated to the Lax pair
(1) under the assumption L% = 1.

o .. 0

<21)\2L + AL@ =
ox X

) + [i)\L,2i)\2L + )\LgL] -0
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Connection to the nonlinear Schrédinger equation (NLS)

® HM model has direct connection to the very well known
model, focusing nonlinear Schrédinger equation. It is given by

R
"9t T ax2

where 1 is a scalar function.

+ 2% = 0.
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Connection to the nonlinear Schrédinger equation (NLS)

® HM model has direct connection to the very well known
model, focusing nonlinear Schrédinger equation. It is given by
0y

0?
E+ﬁ+2|¢|¢—0

where 1 is a scalar function.
® The Lax pair for nonlinear Schrédinger equation is given by

ov
o = (iXo3 + A)V
o " ’
5p = (2003 + 22A 4 i[¢Pos + B) W
O
where A= (0 ¢> B = 0 ox recC.
Y 0 o 0
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Connection to the nonlinear Schrédinger equation (NLS)

® To establish the connection between HM and NLS models one
can notice that
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Connection to the nonlinear Schrédinger equation (NLS)

® To establish the connection between HM and NLS models one
can notice that

tr(L) =0, L>=1, L*=L.

® |t implies that there is a unitary matrix g such that

L=gozgt
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Connection to the nonlinear Schrédinger equation (NLS)

® To establish the connection between HM and NLS models one
can notice that

® |t implies that there is a unitary matrix g such that
L=gozgt
® |t was established in [ZT79] that after proper choice of g the

functions ® and W are related by & = gW. Moreover,

,13g_. 0 @
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Connection to the nonlinear Schrédinger equation (NLS)

® To establish the connection between HM and NLS models one
can notice that

® |t implies that there is a unitary matrix g such that
L=gozgt
® |t was established in [ZT79] that after proper choice of g the

functions ® and W are related by & = gW. Moreover,
gila—g =1 0 v .
Ox v 0

® As the result we observed that HM is equivalent to NLS and
does not represent new model.
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© Landau-Lifshitz model
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Landau-Lifshitz model

¢ Landau-Lifshitz model is the anisotropic generalization of HM.
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Landau-Lifshitz model

¢ Landau-Lifshitz model is the anisotropic generalization of HM.
® We introduce the anisotropy in spin interaction

H=-3 log(1— J+JS(M.snD)

neZ
S 0 O

J= 0 L O , O< h< bh<
0 0 A
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Landau-Lifshitz model

¢ Landau-Lifshitz model is the anisotropic generalization of HM.
® We introduce the anisotropy in spin interaction

H=-3 log(1— J+JS(M.snD)

neZ
S 0 O

J= 0 L O , O< h< bh<
0 0 A

® | andau-Lifshitz equation is obtained in the continuous limit of
properly modified lattice model

S 0%S )
5. =5 X g2 TSxIS, ;5_1
5$—(0,0,1), x— +o0
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Lax pair

® The Lax pair is given by

v
X here
o W
— = VvV
ot
3 3 3
UZ—iZO’ijWj, V=2 Z UijWmWn—l—iEUijWj,
j= Jj,m,n=1 Jj=1
J#m#n
0S

7= (50 5),.

” 1 ~dn(A, k) o cn(A, k)
L= sn()\ k)’ (k) sn()\ k) TP sn(\, k)’
= Vh—h Jl \/ — elliptic modulus.

2 J — J1
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Features

® The key difference from the Heisenberg magnet is that the
spectral parameter now belongs to the torus.

AeT?2={\:|Re())] < 2K, [Im())| < 2K’}

where K and K’ are complete elliptic integrals.
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spectral parameter now belongs to the torus.

AeT?2={\:|Re())] < 2K, [Im())| < 2K’}

where K and K’ are complete elliptic integrals.

® | andau-Lifshitz model admits degenerations to the
Sine-Gordon equation when J; — 0 and to the NLS equation
when J1, b — 0.
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AeT?2={\:|Re())] < 2K, [Im())| < 2K’}

where K and K’ are complete elliptic integrals.

® | andau-Lifshitz model admits degenerations to the
Sine-Gordon equation when J; — 0 and to the NLS equation
when J1, b — 0.

® The Lax pair for the Landau-Lifshitz equation was found in
[SkI79].
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Features

The key difference from the Heisenberg magnet is that the
spectral parameter now belongs to the torus.

AeT?2={\:|Re())] < 2K, [Im())| < 2K’}

where K and K’ are complete elliptic integrals.

® | andau-Lifshitz model admits degenerations to the
Sine-Gordon equation when J; — 0 and to the NLS equation
when J1, b — 0.

® The Lax pair for the Landau-Lifshitz equation was found in
[SkI79].

® |n the next slides we will go over the inverse scattering method
in more details.
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Jost solution

e \We remind the idea of the inverse scattering method: the
dynamic is easier on the level of scattering data. Our first step
is to establish scattering data corresponding to the initial
conditions.
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Jost solution

e \We remind the idea of the inverse scattering method: the
dynamic is easier on the level of scattering data. Our first step
is to establish scattering data corresponding to the initial
conditions.

® \We assume "fast decaying" and smooth initial conditions

Sl,_o—(0,0,1) € S(R)
where S(R) is the Schwartz class.
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Jost solution

e \We remind the idea of the inverse scattering method: the
dynamic is easier on the level of scattering data. Our first step
is to establish scattering data corresponding to the initial
conditions.

® \We assume "fast decaying" and smooth initial conditions

Sl,_o—(0,0,1) € S(R)

where S(R) is the Schwartz class.
e That implies that all solutions of equation

ow o
I, M) = U)W, X), U x) = —i > ;S (x)wi(A)
j=1

behave like planar waves for x — 00 up to constant factor.
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Jost solution

e \We remind the idea of the inverse scattering method: the
dynamic is easier on the level of scattering data. Our first step
is to establish scattering data corresponding to the initial
conditions.

® \We assume "fast decaying" and smooth initial conditions

Sl,_o—(0,0,1) € S(R)
where S(R) is the Schwartz class.

e That implies that all solutions of equation

ow o
I, M) = U)W, X), U x) = —i > ;S (x)wi(A)
j=1

behave like planar waves for x — 00 up to constant factor.
e We fix two solutions called Jost solutions

Fi(X x) ~ e msxos s 4 oo
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Symmetries

® The following shift properties hold

wi(A +2K) = —wi(N), wi(\+2iK') = wy(N),
Wz()\+2K) = —Wg(/\), Wg()\+2iK ) —WQ(/\)
W3()\—{—2K) = W3()\), W3()\—|—2iK/) = —W3()\),

® They imply the symmetries of coefficient matrix

03U\ + 2K, x)o3 = U()\, x), o1U(\+ 2iK', x)o1 = U(), x).

® and the symmetries of Jost solutions

o3Fs(A+ 2K, x)o3 = FL(\, x), o1FL(A + 2K, x)o1 = F=(\, x).
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Scattering data

e By taking the ratio of Jost solutions we define the scattering
matrix

SO = (F- () LR x) = (20 =B )
b(A) a(A)
e This formula suggests that the properties of scattering matrix
are derived from the properties of Jost solutions.
® To construct the Jost solutions we would need to make the

following transformation

TL(\ x) = Fe(), x)ePms(os = (US?()\,X),UE?(A,X)) .
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Scattering data

e By taking the ratio of Jost solutions we define the scattering

matrix
SO = (F- () LR x) = (20 =B )
b(A) a(})

e This formula suggests that the properties of scattering matrix
are derived from the properties of Jost solutions.

® To construct the Jost solutions we would need to make the
following transformation

TL(\ x) = Fe(), x)ePms(os = (US?()\,X),UE?(A,X)) .

® The result solves integral equation
0T 4

e (A x) = UM x)T (A, x) +iwz(A) T (A, x)os,
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Construction of Jost solutions

The solutions @g)()\, x) of the integral equations

~(1)

X (CAN (A,T)dT,
52 (2, x) = ( : ) + [ e (U, )+ fws(3)o)
x 02\, 7)dr,

coincide with functions Ug)()\,x) introduced earlier.
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Analytical properties of Jost solutions

® | et us denote
Qy ={X:0<Im(A) <2K';|Re)| < 2K},
Q- ={X: —2K' <Im()) < 0;|Re)| < 2K},
M ={\eT?:Im(\) =0}
M={\eT?:Im(\) = 2K'}
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Analytical properties of Jost solutions

® |et us denote

Qy ={X:0<Im(A) <2K';|Re)| < 2K},
Q- ={X: —2K' <Im()) < 0;|Re)| < 2K},
M ={\eT?:Im(\) =0}

M ={\eT?: Im(\) = 2K’}

Lemma 2

‘

The functions vg)()\,x), UEF )L)\,x) are analytic in the domains Q.

and bounded in the domains Q2 respectively. In addition
P (A, x), v (A, x) € C2(T).
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Convenient formulas for scattering data

The functions a(\), b(\) admit two alternative expressions.

@ They can be written as the integrals

(1)) (3) Lo i

X v(_l)()\, T)dT.

@® They can also be expressed as the following determinants
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Reflection coefficient

® \We introduce the reflection coefficient

r(A) = :8\;.
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Reflection coefficient

® \We introduce the reflection coefficient

r(A) = :8\;.

¢ Given the reflection coefficient, one can recover both b(\) and
a(A) using formula

0 walm —
a(A\) = exp {—217“ /2K log (1 + \r(n)\z) 3(np/\)dn} , AEQ,.

e Function “2(=2) plays role of Cauchy kernel. It has simple

pole with residue 1 at zero.
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Reflection coefficient properties

Lemma 4

Under the soliton free assumption, a(\) # 0 the reflection
coeflicient r(\) corresponding to the initial data from the Schwartz
class satisfies

© r(\) € Co(ML UT)
@ r(A+2K) = —r())

© r(\ +2iK') = —r(}\)

o r(0)=0

0 LW — o™, A0, VnmeN.
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Riemann-Hilbert problem

® |ntroduce the following functions
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Riemann-Hilbert problem

Riemann-Hilbert problem 1.
® The function Y(A\, x) is bounded, doubly periodic, and
piecewise analytic for A € T?/(1 UT3). Orientation of the
contours 1,5 is as specified below.

1
|
i
|
i
:
i
—2K T 2K
|
i
i
1
|
i
|
i

Figure 1: Contours 1 and ['5.
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30 / 44



[e]e] leleleleleleelo]e)
Riemann-Hilbert problem

® For \ € 1,I, the following jump condition holds

Yi(A x) = Yo (A x)G(A, x),

_(LHIP e 2O
G()\,X) - <r()\)62iXW3(/\) 1 :

©® The function Y'(\, x) satisfies the following symmetry
conditions

O'3Y()\+2K,X)0'3 = Y()\,X), O’1Y()\+21K/,X)O'1 = Y()\,X).

@ Function Y(\, x) satisfies normalization condition
det(Y(A\, x)) =1
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Uniqueness

Solution Y (A, x) of the RHP 1 is unique up to a sign.

Theorem 2

Let Y(\, x) be the solution of the Riemann-Hilbert problem 1 with
r(\) satisfying properties (1)-(5). Then the function S(x)
constructed from it by formula

Y (0,x)o3 (Y(0,x)) ! = Z Si(x)o;,

J=1

belongs to the Schwartz class: S1(x), S2(x), S3(x) — 1 € S(R), and
it defines the initial data for the LL equation whose reflection
coefficient is given by r(\).
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Time evolution

Assume t > 0 is fixed and

Si(x, t), Sa(x, t), S3(x,t) — 1 € S(R)

are solutions of LL equation. Denote by Fi(\, x,t) the Jost
solutions corresponding to S(x, t) with t > 0. Then the
matrix-valued functions

Jr(\, x, t) = FL(), x, t)eitmaMwa(N)os

solves equations of Lax pair of LL equation. Moreover the
scattering data depends on time as

a0 1) =a(\),  b(A, 1) = b(A)e it (V).
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Riemann-Hilbert problem corresponding to LL dynamics

Riemann-Hilbert problem 2.

® The function Y(A, x, t) is bounded and piecewise analytic
for A\ € T2/(I'1 U |_2).

® For )\ € 1,1, the following jump condition holds

Yi(A x,t) = Yo (A x,t)G(A, x, t)

1+ (N2 r(\)e2itr(d)
G()\7X7 t) = (r(A)eLiSp(l,%) ( ) 1 ’

where

p(A, ) = sews(A) — 2w (A)wa(N), s =

X
t
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Riemann-Hilbert problem corresponding to LL dynamics

© The function Y(, x, t) satisfies the following symmetry
conditions

O'3Y()\+2K,X, 1.')0'3 = Y(/\,X, t), 01Y()\+21K/,X, 1.')0'1 = Y(/\,X.

O Function Y(\, x, t) satisfies normalization condition

det(Y(A\, x,t)) = 1.
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Solution of LL from RHP

Lemma 4

Given Y (A, x, t) is a solution of the Riemann-Hilbert problem 2 the
function

V(A x,t) = Y(\x, t)e—itp()\7%)o—3

solves Lax pair of LL equation with Sj(x, t) given by

Y(0,x, )03 (Y(0,x, 1)) =) Si(x, t)o;. (1)
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Main result

Theorem 5 ([?

Let Y (A, x,t) be the solution of the Riemann-Hilbert problem 2
with r(\) satisfying the properties (1)-(5) and let the vector
function S(x, t) be determined by equation (1). Then, S(x,t)
solves the Cauchy problem for the LL equation characterized by the
reflection coefficient r(\) and fort — oo, 0<m< % <M,

1/ 20\ Y2 2
Si(x,t) = = <> wa(Xo) cosO(x, t) + O(t~3),
p \ tyo

So(x,t) = = <2”

p \ tyo
Ss(x,8) = 1 3 (S20. 1) + S3(x,0)) + O(tH),

1/2 ,
! > wi(Xo)sinf(x, t) + O(t™3),
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Parameters

where

O(x,t) = 2tp(Xo, ) + viogt — % —argl(iv) + argro — 2co+
2800>
vlog ( ,
B3
X

pX, 2) = 7 ws(A) = 2m(N)wa(A), 2=

and the value of the stationary point Ao € [-2K, 0] is determined
by the equation 9)p(Ao, ) = 0. With such Ao, the parameter
o = —03p(Ao, ) is obtained from

©o = p12 (8wi(Ao)w2(Xo)ws (Ao)+

(wi (o) + w3 (Xo))(2wa(Ao)wa(Xo) — sews(Xo)))
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® The remaining terms are determined as follows:

=), v=log(1+ Irof).
B o(A)o(A —2K)
) = o(A+ 2iK")o(A — 2iK' — 2K)’
By = o(—2K)
" o(2iK")o(—2iK’ — 2K)’

0
o= 5 [ (o8 (1+ o)) g Sn — o)

where o(\) denotes the Weierstrass sigma function.

® This result was obtained in [BI88] with much lower level of
rigor.
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Future work

® Soliton gas analysis for the LL equation.
® Rogue waves of infinite order.

e Approximation theory on the torus with the goal to optimize
numerical computation of singular integrals of type

2K

[ et~ i0)d

0

where

s A) = ¢ — A) =l — 1K) + C(A — K — iK') + ((K),

and ((.) is the Weierstrass (-function.
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